Wave Propagation
Possible Courses: Multivariable Calculus, Ordinary Differential Equations, Partial Differential
Equations, Mathematical Modeling, or Applied Math topics Course.
Application We wish to understand and predict wavefront propagation in a physical medium.
We consider the common case where wavefront speed is a function of position in the medium only
(not a function of the wave size, shape of the wavefront, nor any wavefront history). Specific
scenarios include a tsunami traveling across an ocean, the spread of a wildfire across a landscape,
and light traveling through a refractive optical system.
Motivated Concepts This module reinforces the general idea of iteratively constructing solutions to differential equations and motivates level set methods for solving partial differential equations.
Prerequisite Material Students should have already covered the following material in Differential Equations before beginning the first day of the module: Gradient, Partial Derivatives, Level
sets/Contours. The class should not have covered Level-Set methods for solving PDEs.
Description The wavefront position at time t can be defined as W (t) = {(x, y) ∈ Ω | Φ(x, y) = t},
where Φ is some, as yet undetermined, function and Ω is the domain of interest. We can construct
Φ local to a given a wavefront using assumptions about wavefront dynamics. The initial model of
interest assumes that wavefront speed depends only on position and the propagation direction is
normal to the wavefront curve. Such a construction can be used to iteratively construct a discrete
approximation to Φ. This is analogous to Euler’s method for approximating solutions to differential
equations.
The method used to locally construct Φ is a level set method. Suppose we are given a wavefront
W (t0 ) and we wish to determine a new wavefront W (t1 ) at small time step into the future, t1 =
t0 + ∆t. We consider a level set function φ(x, y, t) which satisfies W (t0 ) = {(x, y) | φ(x, y, t0 ) = 0}
and φ(x, t, t0 ) > 0 (< 0) where the wavefront has (has not) reached (x, y) at time t0 . Using a speed
function F (x, y) and the assumption of normal direction propagation, we arrive at the wavefront
PDE
∂φ
= −F (x, y)|∇φ|
∂t
and discrete small time step solution
φ(x, y, t1 ) = φ(x, t, t0 ) − ∆tF (x, y)|∇φ|.
The new wavefront is then W (t1 ) = {(x, y) | φ(x, y, t1 ) = 0}. Each wavefront W (tk ) or the corresponding characteristic function χ0 (φ(x, y, tk )) can be used to display the wavefront dynamics.
Time Frame This module will be approximately 2 weeks (six 50-minute classes) of an Ordinary
or Partial Differential Equations, Mathematical Models, or Applied Mathematics course. Each of
the 6 labs is designed to be used in a class. The course material makes strong use of directional
derivatives, level sets, gradients, and the connections between these concepts, so students with less
familiarity with these concepts may need some additional time to review and reinforce these ideas.
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Figure 1: Tsunami wave arrival times (left) as modeled for a source on the South American Pacific
coast. One wavefront location (right) given by the model developed in this module. Discrepancies
can be considered as part of a class discussion.
Lab 1 After watching videos depicting propagation of actual tsunamis, students will discuss how
wavefronts move and what factors influence the speed and shape of a wave front. Given an
existing wavefront, students will predict future positions of the wave.
Lab 2 Students will explore properties of a solution function Φ whose t-th level set gives the position
of the wavefront at time t.
Lab 3 This lab will ask students to construct and study a family of functions indexed by time to
iteratively solve the wave propagation problem.
Lab 4 In this lab students will consider the relationship between tangent planes to the different
functions in the family from the previous lab to develop the formula for a PDE that describes
wave propagation.
Lab 5 With a PDE in place that includes a gradient, students will explore ways of approximating a
gradient using the discrete data stored in an image. At this point, students make connections
to a more general version of Euler’s Method which can be used to solve their PDE. Students
will examine code that implements the discretized algorithms.
Lab 6 Data Challenge: Students will be presented with a situation where they are asked to model
the advancement of a forest fire and determine a strategy for slowing it down long enough to
allow time for a rescue. Students will also be challenged to determine how well the current
methods can be used to model the propagation history of measured tsunami waves.
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